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We develop a theory for the interaction of light with superfluid optical media, describing the
motion of quantum impurities that are created and dragged through the liquid by propagating
photons. It is well known that a mobile impurity suffers dissipation due to phonon emission as soon
as it moves faster than the speed of sound in the superfluid – Landau’s critical velocity. Surprisingly
we find that in the present hybrid light-matter setting, polaritonic impurities can be protected
against environmental decoherence and be allowed to propagate well above the Landau velocity
without jeopardizing the superfluid response of the medium.
When an object moves through a superfluid it can do so
without friction as long as it is slower than a certain criti-
cal velocity. In his seminal work [1], Landau obtained this
bound by arguing that a moving impurity can generate
excitations only when it exceeds the speed of sound in the
superfluid. In this case, the object emits Cherenkov radi-
ation which decelerates its motion. Being a hallmark of
superfluidity this effect and the associated Landau veloc-
ity have since been investigated in diverse systems, from
liquid helium [2–4] and exciton-polariton fluids in semi-
conductor microcavities [5], to ultracold atomic quantum
gases [6].
An atomic impurity inside an ultracold gas of bosonic
atoms [7–15] provides an ideally suited and well control-
lable platform to study such behavior, as demonstrated
in recent experiments [16–19]. These measurements re-
vealed the emergence of a polaron quasiparticle in close
analogy to its solid-state counterpart, introduced more
than 80 years ago [20, 21] to understand how electrons
interact with lattice vibrations of the surrounding crystal.
The underlying Fro¨hlich model [21] has since found appli-
cations to various problems. For example, light-matter
interactions originate from the optical generation of ex-
citations in the material, whereby the coupling [21] be-
tween such excitons and phonons can lead to dissipation
and explains some important optical properties of semi-
conductors [22]. The realization of strong light-matter
coupling in such systems has enabled broad explorations
of collective phenomena [5, 23–28] and future applica-
tions [29–36] of exciton-polaritons. However, their cou-
pling to phonons and ensuing damping of polarons re-
mains a major limiting factor for coherence and quantum
effects in such systems.
Here, we address this issue by developing a theory for
the non-equilibrium dynamics of polaritons in a quantum
many-body system under the formation of Fro¨hlich po-
larons [see Fig. 1(a)]. Considering the three-level scheme
illustrated in Fig. 1(b), we demonstrate the emergence
of polaron-polariton quasiparticles that can vastly exceed
the traditional Landau critical velocity of the medium
without suffering phonon-induced decoherence [see Fig.
FIG. 1. (a) Illustration of a propagating photon generat-
ing a dark-state polaron-polariton via impurity interactions.
(b) The incident photon can form a dark-state polariton by
coupling the atomic ground state |b〉 to an excited state |e〉
with a detuning ∆ and a coupling strength g
√
n, determined
by the atomic density n. The state |e〉 decays radiatively
with rate γ and is coupled to a stable impurity state |c〉
via a classical control field with Rabi frequency Ω. Panels
(c) and (d) show the decay rate Γ of the formed polaron-
polariton in units of tB = ξ/
√
2cs, determined by the co-
herence length, ξ, and the speed of sound, cs, of the su-
perfluid. (c) Γ as a function of the impurity speed v and
the polariton group velocity vg, varied through the density,
n ' 2 · 1014 (red), 0.8 · 1014 (blue), 0.3 · 1014cm−3 (green), for
Ω/γ = 2 and ∆/γ = −200. The damping of the bare po-
laron is shown by the black lines. (d) Γ as a function of Ω for
n ' 0.8 ·1014cm−3 and ∆/Ω = −300, revealing the emergence
of a critical field Ω/γ ∼ 3. All calculations are performed for
the D1 transition of ultracold
23Na atoms and an impurity
scattering length of a = 500a0, in units of the Bohr radius a0.
1(c)]. This effect, in turn, permits to stabilize and protect
an otherwise decaying polaron against phonon-induced
decoherence via a vanishingly small photon-component
of the formed polariton [see Fig. 1(d)]. The discovery
of such unusual behavior sheds new light on the optical
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2properties of quantum many-body systems and may open
up new routes for controlling and mitigating phonon-
induced decoherence in light-matter interfaces.
More specifically, we consider a superfluid medium
consisting of a weakly interacting atomic Bose-Einstein
condensate (BEC), whereby an incident photon may
transfer an atom to a different internal quantum state,
which then acts as an impurity. Its interaction with the
surrounding superfluid generates phonons, which screen
the impurity to form a polaronic quasiparticle. To avoid
dissipation from radiative decay of the excited state |e〉,
one can apply an additional control field and couple two
stable atomic states, the state |b〉 comprising the BEC
and the state |c〉 being the impurity state, via a two-
photon transition as shown in Fig. 1(b). On two-photon
resonance, the depicted three-level scheme realizes elec-
tromagnetically induced transparency (EIT), which af-
fords strong light-matter coupling at virtually vanishing
photon losses [37] due to the formation of so-called dark-
state polaritons [38] that propagate with a greatly re-
duced group velocity, vg, as low as a few m/s [39]. At
such low group velocities, the dark-state polariton is pri-
marily composed of the impurity excitation with a very
low photon fraction less than 10−6[38].
Taken separately, these scenarios thus yield two stable
quasiparticles: a photon-dressed impurity and a phonon-
dressed impurity, which remains stable as long as its ve-
locity is below the Landau velocity, i.e. the speed of
sound in the superfluid. Consequently, one would ex-
pect that the combined quasiparticle destroys superflu-
idity [40] as soon as vg exceeds Landau’s critical velocity.
Surprisingly, this is not the case. First, it turns out that
it is not the group velocity which determines the viscos-
ity of its environment, but the total recoil momentum
exerted on the impurity state by the two applied light
fields. The resulting impurity velocity v, is widely tun-
able via the angle between the two laser fields and can
differ vastly from vg. Second, we show that both of these
velocities of the moving impurity can greatly exceed Lan-
dau’s critical velocity without destroying the superfluid
response of the quantum liquid [see Fig. 1(c)].
In order to understand these findings, let us consider
a BEC of atoms with a mass m, a density n, and three
internal states |b〉, |e〉 and |c〉, which are coupled by the
propagating quantum light field and a classical control
laser as indicated in Fig. 1(b). We focus on weak col-
lisional interactions that are short-ranged and can be
parametrized by a scattering length aB for the conden-
sate atoms in the ground state |b〉 and a scattering length
a quantifying the interaction between the impurity atoms
in the |c〉-state and the condensate. The underlying
Hamiltonian Hˆ = Hˆ0 + Hˆint + Hˆal [41] can be conve-
niently split into three parts. Here,
Hˆ0 =
∑
p
εαpαˆ
†
pαˆp+
∑
k
[
εekeˆ
†
keˆk + ε
c
kcˆ
†
kcˆk + ωkβˆ
†
kβˆk
]
(1)
describes one-body energies of the incident photons and
the atoms in the atomic states |e〉, and |c〉, which are
respectively created by the operators αˆ†p for a given mo-
mentum p, and eˆ†k, cˆ
†
k with a given momentum k. We
consider a narrow-band incoming photon field, propagat-
ing along the z-axis with momenta p that are tightly
centered around the carrier momentum p0 = p0ez. This
defines a rotating frame in which the photon energy is
εαp = c(p − p0), with the speed of light c. The complex
energy εek = k
2/2m+ ∆− iγ of excited-state atoms con-
tains the one-photon detuning ∆ and decay rate γ, while
the energy εck = k
2/2m+δ of the impurity state is set by
the two-photon detuning δ. Excitations of the weakly
interacting condensate are Bogoliubov modes, created
by βˆ†k = ukbˆ
†
k + vkbˆ−k at momenta k with energy ωk,
whereby b†k creates an atom in the atomic ground state
|b〉 and uk, vk are the corresponding BEC coherence fac-
tors [42]. The light-matter interaction,
Hˆal =Ω
∑
k
cˆ†k−kcl eˆk +
g√
V
∑
k,p
bˆ†kαˆ
†
peˆp+k + h.c., (2)
describes the coupling to the classical control field with
wave vector kcl and Rabi frequency Ω, as well as the
single-photon interaction with a coupling strength g
within the rotating wave approximation. While the sum
over p is restricted to momenta for the incident pho-
tons, the photonic vacuum has been integrated out [41]
yielding the decay rate γ of the excited state included
in εek above. In the absence of atomic interactions and
at the two-photon resonance δ = 0, the dynamics gov-
erned by Hˆ0 + Hˆal shows that incoming photons are con-
verted to dark-state polaritons dˆp = cos θαˆp−sin θcˆp−kcl
that propagate the medium without losses at a veloc-
ity vg = cos
2 θ c, determined by tan θ = g
√
n/Ω [38].
The typical case of large single-photon Rabi frequen-
cies g
√
n  Ω [39], thus effectively yields an impurity
cˆp−kcl ≈ −dˆp that has a form stable propagation through
the condensate with an ultraslow velocity vg  c.
The interaction between the impurity and the super-
fluid can be described by the Fro¨hlich Hamiltonian [21]
Hˆint =
√
nT√
V
∑
q,k
(uk − vk)cˆ†q−kcˆq
(
βˆ†k + βˆ−k
)
, (3)
which serves as a paradigmatic model for a range of
solid-state systems [21, 43] and applies to polarons in
BECs with weak interactions [13]. Physically, Eq. (3)
describes momentum-changing impurity collisions that
generate Bogoliubov excitations with an underlying
scattering matrix T = 4pia/m. These collisions can
profoundly alter the idealized scenario of dissipation-free
polariton motion.
To characterize the resulting many-body dynamics, we
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FIG. 2. Polariton dispersion curves in the absence of atomic
interactions for ∆ = −200γ, Ω = 2γ, and n = 0.5 ·1014 cm−3.
(a) Incoming photons generate dark-state polaritons (black
solid line) with an approximate linear dispersion, εp ' vg(p−
p0) + (p − kcl)2/2m, around p − p0 ≈ 0 (black dotted line)
that facilitates low-loss form stable photon propagation with
the slow-light group velocity vg. Atomic collisions with the
surrounding condensate cause a typical momentum change
of ∆p ∼ 1/ξ well outside this EIT regime, indicated by the
vertical grey bar. The dark state is thereby broken apart by
any atomic collision event, and scatters into the photon-free
hybridized states |±〉, with the indicated energies ε(±)p , shown
by the orange and blue dashed lines in panel (a) and (b). This
characteristic scattering process leads to the ansatz Eq. (S10)
for the polaron-polariton. As illustrated in panel (b), the
energy of the state |−〉 is typically so far removed that it does
not contribute significantly to the emerging polaron-polariton
quasiparticle and its self-energy, Eq. (S28). Panel (c) shows
the same dispersion curves on an expanded momentum scale,
revealing the quadratic contribution from the atomic kinetic
energy and the light shift induced by the classical control field.
use an ansatz
|Ψp(t)〉 =
[
A(0)p (t)αˆ
†
p + E
(0)
p (t)eˆ
†
p + C
(0)
p (t)cˆ
†
p−kcl
]
|BEC〉
+
∑
k
[
E
(1)
p,k(t)eˆ
†
p−k + C
(1)
p,k(t)cˆ
†
p−kcl−k
]
βˆ†k |BEC〉 , (4)
for the time-dependent wave function, which is trun-
cated at the single phonon level to leading order in
the impurity interaction. Here |BEC〉 denotes the ini-
tial state of the Bose-Einstein condensate composed en-
tirely of |b〉-state atoms. The first line describes the
bare photon-driven impurity dynamics that yields the
loss-less propagation of the dark-state polariton ampli-
tude Dp = 〈BEC| dp |Ψp(t)〉 = cos θA(0)p − sin θC(0)p dis-
cussed above. Collisions between the impurity and the
surrounding atoms, however, perturb this polariton state
and excite the superfluid as described by the Fro¨hlich
term in Eq. (3) and captured by the second line in
Eq. (S10). The characteristic momentum change as-
sociated with such collisions is given by the inverse co-
herence length 1/ξ =
√
8pinaB of the condensate, which
for a large single-photon detuning, |∆|  γ, lies far out-
side the EIT regime. Consequently, almost all impurity
collisions, apart from negligible scattering events around
|p − k| ' p [41], lead to a break up of the low-energy
dark-state polariton and populate the hybridized modes
|±〉 of the two laser-coupled |e〉- and |c〉-states with en-
ergies ε
(±)
p = [εep + ε
c
p−kcl ± (4Ω2 + (εep − εcp−kcl)2)1/2]/2
as indicated in Fig. 2(a) and (b). This implies a prompt
photon loss and is reflected in the omission of the photon
component in the second line of Eq. (S10). It is this
interaction-induced modification of the polariton charac-
ter and associated dispersions that causes the unusual
propagation phenomena found in this work.
By using this ansatz in the many-body Schro¨dinger
equation i∂t |Ψp〉 = Hˆ |Ψp〉 we obtain a set of coupled
equations for the five state amplitudes in Eq. (S10).
Upon solving the evolution equations for E(1) and C(1)
and substituting the result into the equations for the zero
phonon amplitudes, we derive a closed equation [41]
i∂tDp(t) = [εp + Σp − Σ˜p(t)]Dp(t) (5)
that describes the open quantum dynamics of the dark-
state polariton due to its interaction with the surround-
ing superfluid. Here, εp = vg(p−p0)+sin2 θ(p−kcl)2/2m
is the dispersion of the non-interacting dark state po-
lariton around p0 [see Fig. 2(a)]. The second term ac-
counts for the kinetic energy of the atoms and is nor-
mally discarded when describing slow-light propagation
[37, 38]. Here, however, it plays a crucial role in cap-
turing the physics of atomic interactions. The time-
dependent complex energy Σ˜p(t) [41] captures the non-
equilibrium dynamics driven by the atomic interactions
following the creation of the ideal dark state polariton
at time t = 0. The vanishing of Σ˜p(t) at longer times
then signals the establishment of a new quasiparticle –
the polaron-polariton. Its self-energy
Σp =
∫
d3k
(2pi)3

(
g
(+)
p,k
)2
εp − ε(+)p−k − ωk
+
(
g
(−)
p,k
)2
εp − ε(−)p−k − ωk
+ sin2 θ · nT 2 m
k2
]
(6)
describes the effects of interactions on the quasiparticle
dispersion and has a simple physical interpretation. First
note that the classical control field hybridizes the |e〉- and
|c〉-states of the atoms and generates new dressed states
|±〉 with energies ε(±)p , as outlined above and indicated
in Fig. 2. Equation (S28) therefore describes the virtual
scattering of the impurity into these hybridized modes
|±〉 upon the generation of phonon excitations with an
energy ωk. The associated coupling elements [41]
g
(+)
p,k = sin θ
[
uecp−k
√
nT (uk − vk) + wecp−k
vkΩ√
n
]
,
g
(−)
p,k = sin θ
[
wecp−k
√
nT (uk − vk)− uecp−k
vkΩ√
n
]
(7)
are determined by the form of the hybridized states, de-
scribed by uecq = (ε
(+)
q − εeq)/[(ε(+)q − εeq)2 + Ω2]1/2 and
4wecq = Ω/[(ε
(+)
q − εeq)2 + Ω2]1/2, whereby g(−)p vanishes
as g
(−)
p ∼ Ω with a decreasing control field. Eventu-
ally, Eq. (S28) approaches the known second order po-
laron energy [9] in the zero-field limit in which the dark-
state polariton coincides with the bare impurity. The
obtained equation of motion (5) has a simple solution
Dp(t) = Dp(0)e
−iEp t−Γp tei
∫ t
0
dτΣ˜p(τ). Starting from
an initially non-interacting dark-state polariton, Dp(0),
this solution describes the initial quasiparticle forma-
tion, as determined by Σ˜p(t), and the subsequent evo-
lution of the formed polaron-polariton, governed by its
energy Ep = εp + ReΣp and steady-state damping rate
Γp = −ImΣp. In the more familiar case of a bare polaron
(Ω = 0), the impurity suffers a finite damping rate, Γp,
if it moves faster than the Landau critical velocity, given
by the condensate’s speed of sound cs =
√
4piaBn/m.
The kinetic energy is then sufficient to generate phonon
excitations with a low-energy dispersion ωk ' csk and
cause dissipation in the form of Cherenkov radiation [1].
However, the damping rate of our dark-state polaron-
polariton, shown in Fig. 1(c), suggests profoundly dif-
ferent behavior than this paradigmatic scenario for the
breakdown of superfluidity.
We observe that the group velocity, vg, which governs
the speed with which the impurity excitation traverses
the medium, has virtually no bearing on the damping
of the polaron and can exceed cs by several orders of
magnitude. In fact, it turns out that it is not the velocity
vg of the polaritonic quasiparticle that determines the
superfluid response of the medium, but the velocity of
the laser-excited impurity atom. This velocity, v = (p−
kcl)/m, can be widely tuned via the propagation angle
between the incident control laser and the probe photons
with wave vectors kcl and p ' p0, respectively.
Yet, even this velocity can exceed the speed of sound
of the condensate by more than an order of magnitude
without jeopardizing its superfluid response, as shown in
Fig. 1(c). To understand this behavior, we consider the
off-resonant limit, Ω/|∆|  1, in which the |−〉-state is
far removed in energy as shown in Fig. 2(b), whereby the
term involving g
(−)
p,k in Eq. (S28) can be neglected. As
a result, the denominator of the first term in Eq. (S28)
dictates the energy balance
(p− kcl)2
2m
=
(p− kcl − k)2
2m
+ ωk − Ω
2
∆
, (8)
for the scattering of a polariton with energy εp into a dif-
ferent momentum state with ε
(+)
p−k ' (p−kcl−k)2/2m−
Ω2/∆ while emitting a phonon with an energy ωk via col-
lisions between the impurity and its surrounding atoms.
To obtain Eq. (8), we set εp ' (p − kcl)2/2m, since
sin θ ' 1, and because the photon momentum p is well
within the EIT window such that vg|p − p0|  Ω2/|∆|
[see Fig. 2(a)]. Without the light field (Ω = 0), Eq.
(8) permits phonon emission only for impurity velocities
FIG. 3. Pulse propagation through a condensate of 23Na
atoms with a density of n = 2.6 · 1014cm−3 and an impu-
rity scattering length of a = 0.1ξ. The dynamics of a bare
impurity wave packet (blue lines) suffers strong damping due
to the supersonic motion of the formed polaron with an ini-
tial velocity of 3m/s  cs. In contrast, the red lines show
the asymptotically undamped motion of a polaron-polariton
with ∆ = −200γ and an identical initial group velocity of
vg = 3m/s, corresponding to a near-unity impurity fraction
of 1− vg/c = 0.99999999. Polaron formation eventually leads
to a slight lowering of the group velocity [41].
v = |p − kcl|/m ≥ cs above the familiar Landau criti-
cal velocity vc = cs. In contrast, the presence of the light
field renders the impurity collisions inelastic by introduc-
ing an additional energy cost −Ω2/∆ associated with the
collisional break up of the dark-state polariton into the
laser-dressed |+〉-state impurity as indicated in Fig. 2(c).
For a positive single-photon detuning, ∆ > 0, the result-
ing endothermic character of the impurity collisions pro-
motes phonon emission regardless of the impurity speed,
corresponding to a vanishing critical velocity, vc = 0.
A negative detuning, ∆ < 0, on the other hand, in-
troduces an additional energy cost for impurity collisions
and thereby increases the critical velocity. Upon increas-
ing the light shift Ω2/∆, this effect can indeed cause
a substantial enhancement and increase the critical ve-
locity by more than an order of magnitude under typ-
ical conditions of ultracold atom experiments [39]. At
the same time, this effect enables the quantum optical
stabilization of otherwise decaying polaron quasiparti-
cles. Indeed, Fig. 1(d) reveals the emergence of a criti-
cal behavior with respect to the control field amplitude
and demonstrates the efficient protection of the polaron
against the otherwise inevitable emission of Cherenkov
radiation above a critical control field Ωc ' v
√−m∆/4
[41].
This optical stabilization of the Bose polaron against
phonon emission can be probed directly by measuring
the transmission of slow-light polaritons through an
ultracold gas of Bose condensed atoms. The propagation
dynamics through the gas is conveniently visualized
by Fourier transforming the obtained solution, Dp(t),
5into real space. Figure 3 compares the resulting pulse
evolution for a bare Bose polaron and a dark-state
polaron-polariton, moving at initially identical velocities
through a 23Na condensate with experimentally acces-
sible densities and laser parameters. The Bose polaron
undergoes rapid decoherence due to the steady emission
of Cherenkov radiation [41], while the amplitude of the
dark-state polaron-polariton settles at the quasiparticle
residue [44] and remains otherwise protected from
decoherence, eventually propagating at a lowered group
velocity vg + ∂pReΣp|p0 .
The demonstrated ability to stabilize mobile polari-
tons in a dissipative environment thus provides an in-
triguing outlook for realizing coherent optical interfaces
and makes it possible to explore and control the com-
bined formation of polaritonic and polaronic quasiparti-
cle states at greatly reduced losses and decoherence. Not
only does this combination yield an attractive platform
for exploring impurity physics [40], and suggest novel op-
tical probes of quantum many-body dynamics [45], but
also promises new functionalities for light-matter inter-
faces and optical devices [46, 47]. In the present con-
text, ensuing applications include the generation of few-
photon nonlinearities via induced polaron interactions
in atomic superfluids [48, 49], which may even be con-
trolled and enhanced via resonant phonon-exchange pro-
cesses. Moreover, as outlined above, the underlying in-
teraction Hamiltonian (3) is of considerably greater ap-
plicability describing for example the coupling between
excitons and phonons in semiconductors [43], which of-
ten presents a limitation to the coherence of light-matter
interactions in such systems [22]. The EIT-enabled sta-
bilization against phonon-induced dissipation, described
in this work, therefore suggests a promising approach to
alleviating this obstacle. These combined perspectives
motivate future investigations into the strong-coupling
regime as well as a wider range of environmental inter-
actions and photon interfaces for exploiting correlated
quantum dynamics and exploring quantum nonlinear op-
tics in strongly interacting many-body systems.
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The Hamiltonian
The quantum light field is described by the Hamiltonian
Hˆl =
∑
kλ
ck · αˆ†kλαˆkλ, (S1)
where ck is the energy of a photon at momentum k and polarization λ created by αˆ†kλ. The atom-light coupling consists
of a classical control field and a quantum field. For the former, we use E = ·E0 cos(kcl ·r−ckclt), with a (classical) wave
vector kcl and polarization vector . In the dipole approximation the Hamiltonian in first quantization is −ere ·E, with
re the position vector of the electron relative to the atomic nucleus. With the Rabi frequency Ω = −eE0 〈e| r ·  |c〉 /2
we can then write the classical control field in second quantization,
Hˆ
(1)
al = 2Ω
∫
d3r
[
ψˆ†c(r)ψˆe(r) cos(kcl · r− ckclt) + h.c.
]
' Ω
∫
d3r
[
ψˆ†c(r)ψˆe(r)e
−i(kcl·r−ckclt) + h.c.
]
= Ω
∑
k
[
cˆ†k−kcleˆke
ickclt + h.c.
]
= Ω
∑
k
[
ˆ˜c†k−kcl(t)ˆ˜ek(t) + h.c.
]
, (S2)
where ψˆ†a(r) creates an atom in state |a〉 at position r. In the second equality we make the usual rotating wave
approximation. In the second line we first transform to momentum space using ψˆa(r) =
∑
k e
ik·raˆk/
√
V for a = e, c,
with V the volume of the gas. Hence, aˆ†k creates an atom in state |a〉 at momentum k. We finally describe the
Hamiltonian in the frame rotating with the light fields, using ˆ˜ek = eˆk · eicp0t and ˆ˜ck = cˆk · eic(kcl−p0)t. Here cp0 is the
carrier frequency of the quantum light field, which we now turn to. We describe the coupling to the quantum light
field in terms of a quantized electric field
Eˆ(r) =
1√
V
∑
kλ
√
ck
20
[
kλαˆkλe
ik·r + h.c.
]
, (S3)
with 0 the vacuum permittivity. The field is transverse: k · kλ = 0. We then get
Hˆ
(2)
al =
∫
d3r
[
ψˆ†b(r)ψˆe(r)dbe · Eˆ(r) + h.c.
]
' 1√
V
∑
k,q,λ
gk−qλ
[
bˆ†q ˆ˜ek(t) ˆ˜α
†
k−qλ(t) + h.c.
]
, (S4)
with the electric dipole moment dbe = −e 〈b| r |e〉. In turn gkλ =
√
ck/20 kλ · dbe. We again make the rotating
wave approximation and write the fields in the rotating frame, with ˆ˜αkλ = αˆkλe
icp0t a temporally slowly varying field
8when k ' p0. We can describe the Hamiltonian in terms of time-independent fields, if we further adjust the energies
of the photons and the atomic excited and impurity states. Hence, we write
Hˆ0 =
∑
k
[
εαk
∑
λ
αˆ†kλαˆkλ + (ξk + ∆) eˆ
†
keˆk +
(
ξk + δ˜
)
cˆ†kcˆk + ωkβˆ
†
kβˆk
]
. (S5)
The first term describes the photons, where we shift the energy by cp0 in the rotating frame, letting ε
α
k = c(k − p0).
The second term describes the excited state |e〉 with the one-photon detuning ∆ = εe0− cp0, εe0 being the bare energy
of the state. Also, ξk = k
2/2m is the kinetic energy. The third term describes the impurity state with the two-photon
detuning δ˜ = εc0 + c(p0 − kcl), εc0 being the bare energy of the state. We here dropped the ∼’s for simplicity. Finally,
the fourth term is the usual expression for the BEC Hamiltonian with βˆ†k = ukbˆ
†
k+vkbˆ−k creating a Bogoliubov mode
at momentum k and energy ωk = [ξk(ξk + 2nTB)]1/2. uk, vk = ((ξk + nTB)/ωk ± 1)1/2/
√
2 are the BEC coherence
factors, n is the density of the condensate, and TB = 4piaB/m the zero energy scattering matrix for the |b〉 atoms.
With the rotating frame in place, we may write for the atom-light coupling
Hˆal = Ω
∑
k
[
cˆ†k−kcleˆk + h.c.
]
+
1√
V
∑
k,q,λ
gkλ
[
bˆ†qαˆ
†
kλeˆk+q + h.c.
]
. (S6)
Further, the impurity state, c, interacts with the ground state atoms, which at weak interactions can be described by
the Fro¨hlich interaction
Hˆint = nT
∑
k
cˆ†kcˆk +
√
nT√
V
∑
k,q
(uk − vk)cˆ†q−kcˆq
(
βˆ†k + βˆ−k
)
, (S7)
where T = 4pia/m is the zero energy scattering matrix for the b-c interaction. The atomic |c〉-|c〉, |c〉-|e〉, and |e〉-|e〉
interactions are absent under the assumption that only a single quantum of light is propagating, i.e. at most a single
atom is excited. Further, we will not consider any interaction between the ground and excited state, |b〉-|e〉. The
elementary Hamiltonian of the system is thus Hˆ = Hˆ0 + Hˆal + Hˆint.
We wish to simplify the Hamiltonian description to the incoming modes p along the z-axis. This is accomplished
by integrating out the photonic vacuum, i.e. all the photonic modes for k 6= p. The Feynman diagram associated
with this is shown in Fig. S1, leading to the decay rate
γq =
∑
λ
∫
d3k
(2pi)3
u2q−kg
2
kλδ(ξq + ∆− εαk − ωq−k) '
∑
λ
∫
d3k
(2pi)3
u2q−kg
2
kλδ(ε
e
0 − ck)
= γ +
∑
λ
∫
d3k
(2pi)3
v2q−kg
2
kλδ(ε
e
0 − ck). (S8)
In principle, we should omit the modes p in this integration. However, because they lie along a single line the result
is unaffected. Due to the huge slope of the photonic dispersion, the speed of light c, the atomic energies ξq, ωq−k are
completely negligible. In the second line we use u2k − v2k = 1. There is thus in principle a small correction to the bare
(Wigner-Weisskopf) decay rate γ =
∑
λ
∫
d3k
(2pi)3 g
2
kλδ(ε
e
0 − ck), scaling with the number of non-condensate |b〉-atoms.
However, this has no bearing on our studies, and we will simply ignore it.
gk gk
e,q α,k e,q
b,q− k
FIG. S1. Feynman diagram for excited state to photonic vacuum coupling. This leads to a Lamb shift, incorporated in the
energy εe0, and decay rate γ, see Eq. (S8).
For concreteness, we assume that the incoming photons are linearly polarized and that the direction of the electric
dipole moment is fixed orthogonal to the propagation of the incoming photons. We can then set one of the polarizations,
λ1, to be parallel to the dipole moment. I.e. pλ1 · dbe = |dbe| and pλ2 · dbe = 0. This thus picks out a particular
9polarization, and defining g = gpλ1 =
√
cp/20 |dbe| we may write an effective Hamiltonian describing only the
incoming photonic modes, p,
Hˆ0 =
∑
p
εαpαˆ
†
pαˆp +
∑
k
[
εekeˆ
†
keˆk + ε
c
kcˆ
†
kcˆk + ωkβˆ
†
kβˆk
]
,
Hˆal = Ω
∑
k
[
cˆ†k−kcleˆk + h.c.
]
+
∑
p
√
ng
(
αˆ†peˆp + h.c.
)
+
g√
V
∑
k,p
[
(ukβˆ
†
k − vkβˆ−k)αˆ†peˆp+k + h.c.
]
,
Hˆint =
√
nT√
V
∑
k,q
(uk − vk)cˆ†q−kcˆq
(
βˆ†k + βˆ−k
)
. (S9)
Here we drop the now redundant polarization index λ1 on αpλ1 . Also, ε
e
k = ξk + ∆ − iγ includes the decay rate of
the excited state, and εck = ξk + δ includes the mean field energy shift nT due to the impurity-boson interaction in
the two-photon detuning δ = δ˜ + nT .
Deriving the equations of motion in the physical basis
To accommodate for the atomic interactions and the quantum fluctuations in the BEC we use the state ansatz
|Ψp〉 (t) =
[
A(0)p (t)αˆ
†
p + E
(0)
p (t)eˆ
†
p + C
(0)
p (t)cˆ
†
p−kcl
]
|BEC〉+
∑
k
[
E
(1)
p,k(t)eˆ
†
p−k + C
(1)
p,k(t)cˆ
†
p−kcl−k
]
βˆ†k |BEC〉 , (S10)
also given in the main text. Here the term describing an impurity plus a single phonon, C(1), is generated by the
impurity-boson interaction Hˆint. This in turn is coupled to the E
(1) term through the classical light field ∝ Ω. It is
finally coupled to the photonic mode A(0) via terms in Hˆal present due to quantum fluctuations ∝ vkg. The underlying
assumption of this ansatz is that when the impurity scatters on the condensate atoms, it breaks apart the dark state
and decouples the photonic mode from the atomic states. This is accurate when the typical scattering momentum
is much larger than the largest change in momentum the dark state can suffer without breaking apart, ∆pcr. In the
weak coupling limit investigated here we have kscat ' 1/ξ with ξ = 1/
√
8pinaB the BEC coherence length. On the
other hand ∆pcr is determined by equating the energy at the edge of the EIT window Ω
2/
√
∆2 + γ2 with the dark
state energy vg∆pcr, resulting in ∆pcr = ng
2/(c
√
∆2 + γ2). Thus, for the wave function ansatz to accurately describe
the scattering, we need
∆pcr
kscat
=
3
√
pi
2
√
2
1
p2
√
n
aB(1 + (∆/γ)2)
 1, (S11)
where we use g2 = 3picγ/p2. When this inequality is fulfilled the dark state breaks apart during an atomic scattering
event as shown in Fig. 2 of the main text. The only caveat is when the scattering preserves the magnitude of the dark
state momentum, i.e. |p− k| ' p. These events are however extremely rare and negligible as discussed at the end of
this Supplemental Material. For atomic densities of n = 1013−1015cm−3, optical transitions λ = 2pi/p = 400−800nm,
and typical atomic interactions in the condensate of aB = 100a0, ∆pcr/kscat is of order unity on the single photon
resonance ∆ = 0. Therefore, the theory is restricted in validity to detunings much larger than the decay rate,
|∆|  γ. Finally, terms with more than one phonon present will be higher order in the impurity-boson interaction,
or macroscopically suppressed. E.g. there is in principle a term 12
∑
kA
(2)
p,k(t)αˆ
†
pβˆ
†
kβˆ
†
−k |BEC〉 coupling to the E(1)
term through guk. However, this coupling turns out to be zero in the thermodynamic limit, where N →∞, V →∞,
and we thus neglect it completely. We first solve the equations for the one phonon amplitudes E(1) and C(1) in terms
of zero phonon amplitudes A(0), E(0) and C(0), and then plug these solutions back into the equations of motion for
the zero phonon amplitudes. For convenience, we let ψ
(1)
p,k = [E
(1)
p,k, C
(1)
p,k] and ψ
(0)
p = [A
(0)
p , E
(0)
p , C
(0)
p ]. Using the
Schro¨dinger equation we then get
i∂tψ
(1)
p,k(t) = [ωk +Hp−k]ψ(1)p,k(t) +
1√
V
Gkψ
(0)
p (t),
i∂tψ
(0)
p (t) = H(0)p ψ(0)p,k(t) +
1√
V
∑
k
G†kψ
(1)
p,k(t). (S12)
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Here,
Hq =
[
εeq Ω
Ω εcq−kcl
]
, H(0)p =
 εαp √ng 0√ng εep Ω
0 Ω εcp−kcl
 , Gk = [−gvk 0 00 0 √nT (uk − vk)
]
. (S13)
The first two describe the effective Hamiltonian of the scattered and unscattered states respectively, while Gk describes
the coupling matrix to the scattered states. The equation for these, ψ
(1)
p,k, in Eq. (S12) is formally solved to yield
ψ
(1)
p,k(t) = −
i√
V
∫ t
0
dτ e−iωk(t−τ)e−iHp−k(t−τ)Gkψ
(0)
p (τ), (S14)
using the initial condition ψ
(1)
p,k(0) = 0, i.e. that there are no phonons initially. Reinserting this in the equation for
ψ(0)p in Eq. (S12) we get
i∂tψ
(0)
p (t) = H(0)p ψ(0)p (t)−
i
V
∫ t
0
dτ
∑
k
e−iωk(t−τ)G†ke
−iHp−k(t−τ)Gkψ
(0)
p (τ). (S15)
We write out the explicit solution by finding eigenvectors and -values to Hq. The eigenvalues are ε(±)q = 12 [εeq +
εcq−kcl ± (4Ω2 + (εeq − εcq−kcl)2)1/2] describing hybridized modes |±〉 of the |e〉- and |c〉-states. The corresponding
eigenvectors are
u(+)q =
[
wecq
uecq
]
=
1√
(ε
(+)
q − εeq)2 + Ω2
[
Ω
ε
(+)
q − εeq
]
, u(−)q =
[
uecq
−wecq
]
=
1√
(ε
(+)
q − εeq)2 + Ω2
[
ε
(+)
q − εeq
−Ω
]
. (S16)
The eigenmatrix Uq = [u
(+)
q u
(−)
q ] is its own inverse, and so we get e−iHp−k(t−τ)ψ
(0)
p,k(τ) =
e−iHp−k(t−τ)(Up−k)2ψ
(0)
p,k(τ) = [u
(+)
q e
−iε(+)p−k(t−τ) u(−)q e−iε
(−)
p−k(t−τ)]Up−kψ
(0)
p,k(τ). Performing the matrix multiplica-
tion, we get
i∂t

A
(0)
p
E
(0)
p
C
(0)
p
 = H0p

A
(0)
p (t)
E
(0)
p (t)
C
(0)
p (t)
+ i∫ t
0
dτ Kp(t− τ)

A
(0)
p (τ)
E
(0)
p (τ)
C
(0)
p (τ)
 . (S17)
Here,
Kp(t) =
Kααp (t) 0 Kαcp (t)0 0 0
Kαcp (t) 0 Kccp (t)
 , Kααp (t) = −g2 1V ∑
k
v2k · e−iωkt
[
(wecp−k)
2e−iε
(+)
p−kt + (uecp−k)
2e−iε
(−)
p−kt
]
,
Kαcp (t) =
√
ngT 1
V
∑
k
vk(uk − vk)uecp−kwecp−k · e−iωkt
[
e−iε
(+)
p−kt − e−iε(−)p−kt
]
,
Kccp (t) = −nT 2
1
V
∑
k
(uk − vk)2 · e−iωkt
[
(uecp−k)
2e−iε
(+)
p−kt + (wecp−k)
2e−iε
(−)
p−kt
]
. (S18)
We are now ready to transform to the polariton basis and make the equations of motion local in time.
Dark state equation of motion
The polaritons are the eigenstates of the Hamiltonian,
H(00)p =
 0 √ng 0√ng 0 Ω
0 Ω 0
 , |Dp〉 =
 cos θ0
− sin θ
 , |B(±)p 〉 = 1√
2
sin θ±1
cos θ
 , (S19)
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with the eigenvectors given on the right, using tan θ = Ω/
√
ng. The eigenvalues of these are 0 for the dark state |Dp〉
and ±
√
ng2 + Ω2 for the two bright states |B(±)p 〉. We thus define Wp =
[
|B(+)p 〉 |B(−)p 〉 |Dp〉
]
and let
A
(0)
p
E
(0)
p
C
(0)
p
 = Wp
B
(+)
p
B
(−)
p
Dp
 , (S20)
defining the polariton amplitudes B
(±)
p and Dp. The equations of motion in Eq. (S17) transformed to the polariton
basis is thus
i∂t
B
(+)
p (t)
B
(−)
p (t)
Dp(t)
 = H¯0p
B
(+)
p (t)
B
(−)
p (t)
Dp(t)
+ i∫ t
0
dτ K¯p(t− τ)
B
(+)
p (τ)
B
(−)
p (τ)
Dp(τ)
 , (S21)
with
H¯(0)p = W †pH(0)p Wp =

ε
B(+)
p
sin2 θεαp−εep+cos2 θεcp−kcl
2
cos θ sin θ√
2
(εαp − εcp−kcl)
sin2 θεαp−εep+cos2 θεcp−kcl
2 ε
B(−)
p
cos θ sin θ√
2
(εαp − εcp−kcl)
cos θ sin θ√
2
(εαp − εcp−kcl) cos θ sin θ√2 (εαp − εcp−kcl) εp
 , (S22)
defining the energies ε
B(±)
p = ±(ng2 + Ω2)1/2 + (sin2 θεαp + εep + cos2 θεcp−kcl)/2, and εp = cos2 θεαp+sin2 θεcp−kcl for
the bright and dark states respectively. Finally,
K¯p(t) = W †pKp(t)Wp =
 K
B
p (t) KBp (t) KBDp (t)
KBp (t) KBp (t) KBDp (t)
KBDp (t) KBDp (t) KDp (t)
 , (S23)
KBp (t) =
1
2
(
sin2 θ · Kααp (t) + 2 cos θ sin θ · Kαcp (t) + cos2 θ · Kccp (t)
)
,
KBDp (t) =
1√
2
(
(cos2 θ − sin2 θ) · Kαcp (t) + cos θ sin θ · (Kααp (t)−Kccp (t))
)
,
KDp (t) = sin2 θ · Kccp (t)− 2 cos θ sin θ · Kαcp (t) + cos2 θ · Kααp (t). (S24)
We could keep all terms and propagate all three amplitudes, B
(+)
p , B
(−)
p and Dp. However, because the bright states
are so far removed in energy, by ±(ng2 + Ω2)1/2, the dark and bright states effectively decouple. We therefore
completely ignore the bright states, and rewrite KD according to
KDp (t) = sin2 θ
[
Kccp (t)−
2
tan θ
Kαcp (t) +
1
tan2 θ
Kααp (t)
]
= sin2 θ
[
Kccp (t)− 2
Ω√
ng
Kαcp (t) +
(
Ω√
ng
)2
Kααp (t)
]
= − 1
V
∑
k
e−iωkt
[(
g
(+)
p,k
)2
e−iε
(+)
p−kt +
(
g
(−)
p,k
)2
e−iε
(−)
p−kt
]
, (S25)
with the effective couplings
g
(+)
p,k = sin θ
[
uecp−k
√
nT (uk − vk) + wecp−k
vkΩ√
n
]
, g
(−)
p,k = sin θ
[
wecp−k
√
nT (uk − vk)− uecp−k
vkΩ√
n
]
. (S26)
We are now ready to compute the time-local equation of motion for the dark state. Perturbatively consistent we set
Dp(τ) = e
iεp(t−τ)Dp(t) in the temporal integral in Eq. (S21), and get
i∂tDp = (εp +Kp(t))Dp(t), (S27)
with Kp(t) = i
∫ t
0
dτ KDp (t − τ)eiεp(t−τ). Finally, we renormalize the impurity-boson interaction by adding sin2 θ ·
nT 2/V ·∑km/k2 to Kp, making the equations fully consistent to second order in T . Thus, in the above equation of
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motion Kp(t) goes to Σp − Σ˜p(t), with the equilibrium self-energy
Σp =
∫
d3k
(2pi)3

(
g
(+)
p,k
)2
εp − ε(+)p−k − ωk
+
(
g
(−)
p,k
)2
εp − ε(−)p−k − ωk
+ sin2 θ · nT 2 m
k2
 , (S28)
also given in Eq. (6) of the main text and the time-dependent contribution
Σ˜p(t) =
∫
d3k
(2pi)3
[(
g
(+)
p,k
)2 ei(εp−ε(+)p−k−ωk)t
εp − ε(+)p−k − ωk
+
(
g
(−)
p,k
)2 ei(εp−ε(−)p−k−ωk)t
εp − ε(−)p−k − ωk
]
. (S29)
We here replace the sum over momentum modes with integrals:
∑
k /V →
∫
d3k/(2pi)3. The effective couplings g(±)
thus describe scattering into the hybridized |e〉-|c〉 states |±〉 through the generation of phonons. The dark state
equation of motion, Eq. (5) in the main text, is thus obtained.
To clarify the interaction scalings we put Σ˜ on unitless form. We let the z-axis be in the direction of p. Writing
explicitly the effective couplings g
(±)
p,k then yields
tB · Σ˜p(t) = −2
√
2
pi2
aB
ξ
sin2 θ
∫ 2pi
0
dϕ
∫ +1
−1
d cos θ
∫ ∞
0
dk˜ k˜2
[(
uecp−k(uk − vk)
a
2aB
+ wecp−kvkΩ˜
)2
e−iΦ
(+)
p,k t˜
Φ
(+)
p,k
+
(
wecp−k(uk − vk)
a
2aB
− uecp−kvkΩ˜
)2
e−iΦ
(−)
p,k t˜
Φ
(−)
p,k
]
, (S30)
with Φ
(±)
p,k = −(εp− ε(±)p−k−ωk)tB, k˜ = kξ/
√
2, t˜ = t/tB, and Ω˜ = ΩtB. The self-energy Σ can be brought on a similar
form. This shows that there are essentially three types of terms. The first scale as a2/aBξ · (uk − vk)2, the second as
a/ξ · Ω˜vk(uk − vk) and the third as aB/ξ · (Ω˜vk)2.
Critical velocity and Rabi frequency
In this section we compute the critical velocity and Rabi frequency in the limit of Ω/|∆|  1 relevant for Figs.
1(c) and 1(d) of the main text.
In this limit the coupling to the |−〉 state vanishes, g(−) → 0. The critical behaviour is thus kinematically set by
when the dark state can scatter into the |+〉 state in an energy conserving way, i.e. εp = Re[ε(+)p−k + ωk] for some
phonon momentum k, as evident from the self-energy Σp (Eq. (S28)). Expanding this equation to leading order in
Ω/∆, using εp ' εcp−kcl for p = p0, and εcp−kcl = ξp−kcl + δ we must check when
ξq = ξq−k − Ω
2
∆
+ ωk (S31)
can be solved as a function of k, with q = p− kcl. This equation also follows from a simple second order argument:
to 2nd order in Ω the scattered impurity experiences a light shift −Ω2/∆, and thus alters the energy balance. If the
scattered phonon is emitted in the forward direction of the impurity, the impurity kinetic energy ξq−k = (q−k)2/2m
is lowered most significantly, and this is thus where we first get a solution. So we focus on k ‖ q. Writing Eq. (S31)
in units of tB we must then solve
0 = (q˜ − k˜)2 + k˜
√
1 + k˜2 − q˜2 − Ω
2
∆
tB = f(q˜, k˜)− Ω
2
∆
tB. (S32)
For ∆ > 0 there always exists a solution to this equation, and therefore the critical velocity is 0 for positive detunings.
For ∆ < 0 the light shift is always positive. Therefore, f(q˜, k˜) must be negative for some interval of k˜ for a solution to
exist. This only happens when q˜ = qξ/
√
2 > 1/2 or equivalently when v = q/m = |p− kcl|/m > cs. This shows that
the speed still needs to be larger than the speed of sound, as one might expect. However, because of the light shift,
there may still not be a solution to Eq. (S32), leading to an increased critical velocity vc. We can compute this by
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finding the minimum of f(p˜, k˜) and equating it to the light shift. While the general solution is rather involved, we can
find a simple approximate solution for v >∼ 2cs. Here we can approximate k˜
√
1 + k˜2 ' k˜2 at the minimum. Taking
the derivative, ∂k˜f(q˜, k˜) ' 4(k˜− q˜/2), then yields a minimum at k˜ ' q˜/2, and thus mink˜ f(q˜, k˜) ' f(q˜, q˜/2) ' −q˜2/2.
The critical momentum is thus q˜c '
√−2Ω2tB/∆, yielding a critical velocity
vc =
qc
m
' 2Ω√−m∆ , (S33)
using q˜ = qξ/
√
2 and tB = mξ
2. Hence, only if the impurity moves with a speed faster than vc does it experience
decay, as shown in Fig. 1(c). This gives an accurate result for vc >∼ 2cs. Reversely, for a fixed velocity v as in Fig.
1(d), one can increase the critical velocity by increasing Ω. This thus exhibits a critical behaviour at
Ωc '
√−m∆v
2
, (S34)
below which the dark state experiences decay, while above the decay rate becomes vanishingly small, as shown in Fig.
1(d). Again this is accurate for v >∼ 2cs. The underlying reason for the vanishing decay rate is thus that the additional
energy cost from the light field becomes too large at Ωc for the scattering to be allowed kinematically.
Propagation of the dark state
We derive an expression for the propagation of the dark state in real space. First however, we need an expression
for the group speed. We thus define
vg(t)− iκ(t) = ∂p
(
εp + Σp − Σ˜p(t)
)∣∣∣
p=p0
. (S35)
Since the right hand side is in general a complex number there is both a contribution to the group speed vg and
a damping coefficient κ, and due to the presence of the time-dependent rate coefficient Σ˜ these depend on time
as well. Keeping only the dominant terms proportional to the group speed in the absence of atomic interactions
v0g = Ω
2/(Ω2 + ng2) · c, with c the speed of light, we obtain
vg(t)− iκ(t) = v0g
[
1− it · Σ˜p0(t) + i
∫ t
0
dτ Σ˜p0(τ)
]
. (S36)
Let us now turn to the propagation. Suppose that we prepare a non-interacting dark state pulse D(z, t = 0) at time
t = 0. The evolution of this state can be studied by expanding in plane waves (along the propagation axis z)
D(z, t) =
∫
dp
2pi
eipzDp(t) =
∫
dp
2pi
eipzDp(0)e
−iEpt−Γptei
∫ t
0
dτΣ˜p(τ), (S37)
where we in the second equality use that Dp(t) = Dp(0)e
−iEp t−Γp tei
∫ t
0
dτΣ˜p(τ) as described in the main text, with
Ep = εp + ReΣp the dark state energy and Γp = −ImΣp the dark state decay rate. This simple solution is accurate,
provided the pulse fits within the EIT window, i.e. vgσp < Ω
2/
√
∆2 + γ2, with σp the momentum standard deviation.
Using the definition of the group speed and damping coefficient in Eq. (S35) we get
D(z, t) ' eip0ze−iEp0 te−Γp0 tei
∫ t
0
dτΣ˜p0 (τ)
∫
dp
2pi
ei(p−p0)(z−
∫ t
0
dτ [vg(τ)−iκ(τ)])Dp(0)
= eip0(z−z
′(t))e−iEp0 te−Γp0 tei
∫ t
0
dτΣ˜p0 (τ)
∫
dp
2pi
eipz
′(t)Dp(0)
= eip0
∫ t
0
dτ [vg(τ)−iκ(τ)]e−iEp0 te−Γp0 tei
∫ t
0
dτΣ˜p0 (τ) ·D(z′(t), 0),
with z′(t) = z − ∫ t
0
dτ [vg(τ)− iκ(τ)]. The probability distribution consequently becomes
|D(z, t)|2 = e+2p0
∫ t
0
dτκ(τ)e−2Γp0 te−2
∫ t
0
dτImΣ˜p0 (τ)|D(z′(t), 0)|2. (S38)
This concludes the present derivation, and describes motion of the pulse at a time-dependent group velocity vg(t).
In Fig. S2 we plot vg and κ as a function of time for the same parameters considered in Fig. 3 of the main text.
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FIG. S2. Time-dependent group speed vg (a) and damping coefficient κ (b) in units of the group speed in the absence of atomic
interactions: v0g = Ω
2/(Ω2 + ng2) · c. The group speed eventually settles to a value a few percent below v0g (dashed red in (a)),
while the damping coefficient κ essentially settles at 0 (dashed blue in (b)).
The atomic interactions eventually leads to a slight lowering of the group speed, while the damping coefficient κ
remains vanishingly small. An analysis of the asymptotic dynamics shows that the oscillation frequency is exactly
the light shift Ω2/|∆|, while the dominant non-equilibrium contribution to vg at long times vanishes as e−Ω2/∆2·γt/t.
For ∆ < 0, Ω/|∆|  1, and below the critical velocity the dark state decay rate Γp becomes vanishingly small
stabilizing the pulse as evident in Fig. 3, and the overall pulse is only reduced by the square of the dark state residue:
Z = e−
∫∞
0
dτImΣ˜p0 (τ).
Impurity damping rate at large speeds
In Fig. 3 we make a comparison of the dark state propagation with an impurity shot through the condensate at
the group speed vg. Since the group speed is several orders of magnitude larger than the speed of sound, vg  cs,
the perturbative result for the damping rate would here give a dramatic overestimate. Instead we use the ladder
approximation as described in Ref. [7]. At zero temperature the ladder approximation yields the self-energy Σ(p, ω) =
nT (p, ω) with the scattering matrix
T (p, ω) = T
1− T ·Π(p, ω) , (S39)
written in terms of the zero-energy impurity-boson scattering matrix T = 4pia/m and the pair propagator
Π(p, ω) =
∫
d3k
(2pi)3
[
u2k
ω − ξp−k − ωk + iea +
m
k2
]
' −im
3/2
4pi
√
ω − p
2
4m
, (S40)
with ea = 0+ a positive infinitesimal. In the second equality we use that at the very high energy we are interested
in, ω = ξp = p
2/2m = mv2g/2, only the large momenta contribute. Hence, we can safely approximate uk ' 1 and
ωk ' ξk. This makes the integral analytically solvable, yielding the vacuum pair propagator. The impurity damping
rate then becomes
Γimp = −Im
[
Σ
(
p,
p2
2m
)]
' −Im [nT (p, ω)] = n2pipa
2
m
1
1 + (pa/2)2
' 8pin
mp
. (S41)
In the last equality we use that pa ' 25  1 for the parameters used in Fig. 3 of the main text. In this figure we
thus plot the retrieval probability distribution of the impurity, using that the damping Γimp gives the scattering rate
out of the p momentum state.
Additional damping rate around |p− k| ' p
In the wave function ansatz (S10), equivalent to Eq. (4) of the main text, we have assumed that the dark state
breaks apart in any atomic scattering event. However, there is a small probability for the dark state at momentum p
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to scatter to other dark states. This happens when only the direction of the photonic momentum changes – not the
magnitude. I.e. when scattering a phonon with momentum k, the dark states survives when |p − k| ' p, defining a
sphere of possible dark states. This leads to an additional damping rate Γdamp of the dark state on top of the decay
rate Γ investigated in our present work. We calculate the damping rate from Fermi’s golden rule,
Γdamp =
∑
k,λ
∣∣∣〈fp,k,λ| Hˆint |ip,λi〉∣∣∣2 piδ(εp − εp−k − ωk), (S42)
with the initial state |ip,λi〉 = dˆ†p,λi |BEC〉 and the final states |fp,k,λ〉 = dˆ
†
p−kλβˆ
†
k |BEC〉. Here the dark state operator
is defined as dˆ†pλ = cos θpλαˆ
†
pλ − sin θpλcˆ†p−kcl, with tan θpλ =
√
ngpλ/Ω. Using Eq. (S9) we then get
Γdamp = pi
nT 2
V
∑
k,λ
(uk − vk)2 sin2 θp−kλ · δ(εp − εp−k − ωk),
using that sin θpλi ' 1. We let q = p − k and let the dipole moment define the z-direction, dˆbe = dbe/|dbe| = zˆ.
Then gqλ = g qλ · dˆbe, with qλ the polarization vector. Since the polarizations have to be perpendicular to q we can
choose them as the spherical angle unit vectors: qλ1 = θˆ, and qλ2 = φˆ. Here θ, φ are the polar and azimuthal angles
respectively. Then gqλ1 = g θˆ · zˆ = −g sin θ, and gqλ2 = g φˆ · zˆ = 0. This in turn yields sin2 θqλ = ng2qλ/(Ω2 +ng2qλ) =
δλ,λ1ng
2 sin2 θ/(Ω2 + ng2 sin2 θ). We then get for the damping rate
Γdamp = pi nT 2
∫
d3q
(2pi)3
(up−q − vp−q)2 sin2 θqλδ(εp − εq − ωp−q)
= pi nT 2
∫
d3q
(2pi)3
ξp−q
ωp−q
ng2 sin2 θ
Ω2 + ng2 sin2 θ
δ(εp − εq − ωp−q), (S43)
using that (up−q − vp−q)2 = ξp−q/ωp−q. In the energy difference of the δ-function, we may approximate εp − εq −
ωp−q ' −vg(θ)(q − p0), evaluating the expression at the carrier momentum p = p0. Inserting this in Eq. (S44) we
then get
Γdamp = pi nT 2
∫
d3q
(2pi)3
ξp−q
ωp−q
ng2 sin2 θ
Ω2c
δ(q − p) ' pi nT
2
(2pi)3vg
p2
∫ 2pi
0
dφ
∫ pi
0
dθ
ξp−q
ωp−q
sin3 θ, (S44)
using that the group velocity for the dark state corresponding to the incoming photons is vg = Ω
2/(Ω2 + ng2) · c '
Ω2/ng2 · c. Although this expression is rather difficult to evaluate analytically, we can come with a simple upper
bound by approximating ξp−q/ωp−q = 1 – it yields an upper bound since ωp−q > ξp−q. The integrals are then
readily evaluated to 8pi/3, and writing the damping rate in units of tB we finally get
Γdamp '
√
2
3
a2
aBξ
cs
vg
(
p
pc
)2
, (S45)
with pc = mcs the critical momentum of the BEC. This additional damping rate is thus significantly suppressed by
cs/vg  1. The factor of ξp−q/ωp−q in the integrand can easily be included in a numerical calculation and leads
to a further suppression of Γdamp by about 10% for the parameters used in Fig. 1(d), and by about 20% for the
parameters in Fig. 3. For completeness we show Fig. 1(d) of the main text corrected with this additional damping
rate in Fig. S3(a). Importantly, we see that Γdamp is completely negligible for Ω > γ preserving the critical behaviour
of the total scattering rate Γ + Γdamp. Further, in Fig. S3(b) we plot the pulse propagation as in Fig. 3 of the main
text. The dark state propagation including the additional damping rate calculated here is shown in green, and only
shows a very small correction.
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(a) (b)
FIG. S3. (a) Scattering rate of the dark state. Plotted as a function of the Rabi frequency Ω of the classical control field. In red
we show the corrected scattering rate Γ + Γdamp including the dark state damping rate (Eq. (S45)). In blue we show the dark
state decay rate, Γ, also given in Fig. 1(d) of the main text. We only see deviations for very small Ω corresponding to vg ∼ cs.
We use the same parameters as in Fig. 1(d). (b) Propagation dynamics. The same pulse propagation as in Fig. 3 of the main
text, with the bare impurity wave packet in blue, and the dark state wave packet in red. Here we include the additional dark
state damping rate in Eq. (S45) in the green lines. Importantly, we only see a very small correction to the red line.
